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In this paper we provide an analysis of a mean first passage time problem of a random walker subject to a bi-
variate α-stable Le´vy type noise from a 2-dimensional disk. For an appropriate choice of parameters the mean
first passage time reveals non-trivial, non-monotonous dependence on the stability index α describing jumps’
length asymptotics both for spherical and Cartesian Le´vy flights. Finally, we study escape from d-dimensional
hyper-sphere showing that d-dimensional escape process can be used to discriminate between various types of
multi-variate α-stable noises, especially spherical and Cartesian Le´vy flights.
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I. INTRODUCTION
Models of random walks [1–4] hold a vital place in statis-
tical physics as an universal tool for large amount of physi-
cal systems [5–10]. The canonical, well understood, Brow-
nian motion still plays the major role, however various non-
Gaussian and non-Markovian generalizations have been intro-
duced. Heavy tailed fluctuation have been observed in versa-
tilities of models [11–14] including physics, chemistry or bi-
ology [15, 16], paleoclimatology [17] or economics [18] and
epidemiology [19, 20] to name a few. Observations of the
so-called Le´vy flights boosted the theory of random walks
and noise induced phenomena into new directions [21–30]
which involve examination of space fractional diffusion equa-
tion (Smoluchowski-Fokker-Planck equation) and stimulated
development of more general theory [31, 32]. Theory of α-
stable processes allows for examination of more general fluc-
tuations than Gaussian including them as a limiting case. The
high efficiency and generality of α-stable processes is based
on the generalized central limit theorem [33, 34], which pro-
vides extension of the standard central limit theorem to the
situation when assumption of finite variance of elements is re-
laxed. Consequently, α-stable processes provide natural tool
for description of systems revealing power-law fluctuations.
The problem of noise-induced escape from finite intervals
or semi-infinite domains, with the canonical example of one-
dimensional diffusion, has been studied in great details in var-
ious non-Gaussian and non-Markovian [35–42] regimes in-
cluding symmetric and asymmetric α-stable Le´vy type noise
as an especially important extension. Analysis of the mean
first passage time (escape time) from a finite interval provides
an insight into the complexity of stable noise. The interplay
of noise parameters and non-locality of boundary conditions
[36, 43] result in reach behavior of α-stable noise driven sys-
tems. In particular, their non-triviality is manifested by the
failure of the method of images [44], leapovers [45, 46], non-
trivial properties of stationary states [21, 47–52] and non-
linear, non-monotonous behavior of the mean first passage
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[36, 43] time which measures efficiency of the noise facili-
tated escape.
So far majority of research focuses mainly on uni-variate
processes. Extensions into multi-variate domains seem nat-
ural and well defined, yet still challenging due to their non-
triviality. General approach to 2-dimensional Le´vy flights as-
sume that a step direction is chosen from uniform distribu-
tion on a circle and jumps’ lengths are distributed according
to heavy-tailed densities [13, 53] what assures isotropic prob-
ability of finding a random walker at a given distance from
the starting point. Due to the generalized central limit the-
orem, such approach leads to desired spherical Le´vy flights,
providing effective model for various processes [54]. Never-
theless, an alternative and natural approach based on bi-variate
α-stable distributions has been suggested [53]. In such a case,
on the one hand, the whole process is determined by a multi-
variate α-stable density which contains all the information
about increments of the process. On the other hand plenitude
of possible spectral measures, leading to various (fractional)
diffusion equations, shifts the main difficulties into a different
place than approach formerly applied [55].
In this paper we explore a 2-dimensional escape problem
of a random walker driven by a bi-variate Le´vy stable noise
which provides a natural, yet non-trivial, extension of 1D α-
stable noises to higher dimensions. Starting from known re-
sults for 1D escape problem, with the non-monotonous de-
pendence of the mean first passage time as a function of the
stability index α, see [36, 43], we search for analogous be-
havior in the noise driven escape process from a disk. In the
very limited number of cases we compare results of numeri-
cal simulations with exact results [55–57]. Finally, we com-
pare spherical α-stable motions (spherical Le´vy flights) and
so-called Cartesian Le´vy flights.
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2II. MODEL AND RESULTS
A. 1D motivation
A motion of a free particle subject to the symmetric α-
stable Le´vy type noise is described by the Langevin equation
dx
dt
= σζα(t), (1)
which can be rewritten as dx = σdLα(t), where Lα(t) is a
symmetric α-stable motion [58] i.e. stochastic process with
independent increments distributed according to an α-stable
density [32, 58]. ζα(t) represents a whiteα-stable noise which
is a formal time derivative of a symmetric α-stable motion.
The characteristic function of symmetric α-stable densities is
[31, 32]
φ(k) = E
[
eikX
]
= exp [−σα|k|α] (2)
where α ∈ (0, 2] is the stability index, σ > 0 is the scale
parameter. For α < 2, symmetric α-stable densities have the
power-law asymptotics of |x|−(α+1) type resulting in diver-
gence of fractional moments 〈|x|ν〉 of order ν > α.
Closed formulas for probability densities corresponding to
the characteristic function (2) are known only in a limited
number of cases. For α = 2, the Gaussian distribution
f(x) = exp
[−x2/(4σ2)] /√4piσ2 is recovered, which is
the only one α-stable density possessing all moments. For
α = 1, the Cauchy density f(x) = σ/
[
pi(x2 + σ2)
]
is re-
covered with the mean value defined as the principal value of
the appropriate integral. In the most general realms, α-stable
densities can be asymmetric and shifted. In such a case the
characteristic function (2) depends on an additional asymme-
try parameter β and the location parameter µ, see [31, 32].
In 1D, Eq. (1) can be associated with the following (space-
fractional) Smoluchowski-Fokker-Planck equation [23, 59–
62]
∂p(x, t|x0, 0)
∂t
= σα
∂αp(x, t|x0, 0)
∂|x|α . (3)
In the above equation the Riesz-Weyl fractional derivative
is defined by the Fourier transform, i.e. F
[
∂αf(x)
∂|x|α
]
=
−|k|αF [f(x)]. For α = 2, any Le´vy stable noise is equiv-
alent to the Gaussian white noise (with the standard devia-
tion
√
2σ, see [31]) and the fractional Smoluchowski-Fokker-
Planck equation (3) takes its standard form, i.e. ∂α/∂|x|α →
∂2/∂x2. Solutions of the fractional diffusion equation (3) for
p(x, 0|0, 0) = δ(x) are given by symmetric α-stable densities
with time dependent scale parameter σ(t) ∝ t1/α, see Eq. (2).
In the restricted space, due to presence of boundaries, except
α = 2, usually it is not possible to find formulas for the den-
sity p(x, t|0, 0), see below.
Motion of the particle can be restricted by geometric con-
straints which introduce boundary conditions. For example,
a domain of motion can be a finite [−L,L] interval restricted
by two absorbing boundaries. Presence of absorbing bound-
aries require special care. In particular, for α < 2, trajec-
tories of α-stable motions are discontinuous. Consequently,
for α < 2, fractional Smoluchowski-Fokker-Planck equa-
tion is associated with the non-local boundary conditions, i.e.
p(x, t|x0, 0) = 0 for |x| > L, see [36, 43] due to leapovers
[45, 46]. In the Gaussian case (α = 2) boundary conditions
are local (defined at |x| = L only) and the solution of Eq. (3)
can be constructed using method of images [56, 57, 63] or
Fourier series [63, Eq. (81)]. For an extended discussion see
[64]. From p(x, t|x0, 0) one can calculate the mean first pas-
sage time T , i.e. the average time when the particle leaves the
domain of motion for the first time τ . In particular, for α = 2
T = 〈τ〉 =
∫ ∞
0
dt
∫
|x|6L
p(x, t|x0, 0)dx = L
2
2σ2
. (4)
The mean first passage time T = 〈τ〉 from a bounded interval
is finite, regardless of α, see below.
Alternatively, the mean first passage time T = 〈τ〉, see
Eq. (4), at which a particle leaves the region Ω = [−L,L]
for the first time can be directly calculated from the back-
ward Smoluchowski-Fokker-Planck equation [56, 65], which
for α = 2 has the form
σ2
∂2T (x)
∂x2
= −1, (5)
with the boundary condition T |∂Ω = 0 and the initial condi-
tion x(0) ∈ Ω. The MFPT calculated from Eq. (5) is given by
Eq. (4), i.e. T (0) = L22σ2 . Eq. (5) can be easily generalized to
the fractional case [36]
σα
∂αT (x)
∂|x|α = −1, (6)
or into higher dimensions d. The generalization of Eq. (5) into
Eq. (6) affects boundary conditions, which become non-local.
Consequently, the whole exterior of Ω is absorbing because
a particle can escape from the domain of motion Ω without
hitting the boundary.
For α < 2, the mean first passage time for the escape from a
finite interval [−L,L] restricted by two absorbing boundaries
can be calculated for any value of the stability index α [36].
For x(0) = 0 the formula for the mean first passage time reads
T = 〈τ〉 = L
α
Γ(1 + α)σα
. (7)
For α = 2, Eq. (7) reduces to Eq. (4). Additionally, as for α =
2, the first passage time density has exponential asymptotics
[39, 66, 67] what is a typical property of Markovian escape
processes.
The extrema of T = 〈τ〉 as a function of the stability
index α can be at boundaries of the stability index range
(0 < α 6 2). Nevertheless, the most interesting is the pos-
sibility of observing maximal value of the MFPT for an in-
termediate α. Differentiating Eq. (7) with respect to α one
can find an approximate relation between the interval half-
width L and the scale parameter σ for which the maximal
MFPT is recorded at given (fixed) α. For example, assum-
ing that the MFPT is maximal for α = 1 one approximately
3gets L/σ ≈ 1.523. This demonstrates that for a given inter-
val half-width L it is possible to find such a scale parameter
σ that the MFPT depends in a non-monotonous way on the
stability index α. Fig. 1 demonstrates the dependence of the
mean first passage time (7) on the stability index α for various
values of L/σ. Changes in L/σ shift location of maximum of
the MFPT from α ≈ 0 (small L/σ) to α = 2 (large L/σ). In
particular, for L/σ ≈ 1.523 maximal value of the mean first
passage time is recorded for α ≈ 1.
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FIG. 1. The mean first passage time T = 〈τ〉, i.e. Eq. (7), for various
values of L/σ. L/σ = 1.523 assures that the MFPT is maximal for
α ≈ 1. For L/σ large enough the maximal mean first passage time is
located at α = 2 while for low values of L/σ is reached for α ≈ 0.
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FIG. 2. (Color online) Five trajectories of spherically symmetric 2D
α-stable motions (top left panel) and Cartesian (Cauchy) Le´vy flights
(top right panel). Spherical (bottom left panel) and Cartesian (bottom
right panel) Cauchy distributions, see Eqs. (13) and (14).
B. Escape in 2D
Let us consider a 2D motion of a free overdamped particle
subject to the bi-variate α-stable Le´vy type noise
dx
dt
= σζα(t). (8)
Analogously like in 1D, Eq. (8) can be rewritten in the in-
cremental form dx = σdLα(t), where Lα(t) is a bi-variate
α-stable motion [32]. As in 1D, the bi-variate α-stable noise
is a formal time derivative of the bi-variate α-stable mo-
tion. Therefore, increments ofLα(t) are independent and dis-
tributed according to the bi-variate α-stable density. General
d-variate α-stable densities have the characteristic function
φ(k) =
 exp
{
− ∫
Sd
|〈k, s〉|α [1− isign(〈k, s〉) tan piα2 ]Λ(ds) + i〈k,µ0〉} for α 6= 1,
exp
{
− ∫
Sd
|〈k, s〉| [1 + i 2pi sign(〈k, s〉) ln(〈k, s〉)]Λ(ds) + i〈k,µ0〉} for α = 1, (9)
where 〈k, s〉 represents the scalar product, Λ(·) stands for the
spectral measure on the unit sphere Sd of Rd and µ0 is a vec-
tor in Rd, see [32]. Bi-variate case corresponds to d = 2. The
spectral measure Λ(·) replaces skewness and scale parameters
(β and σ) which characterize 1D α-stable densities. Multi-
variate α-stable density is said to be symmetric if the spectral
measure is symmetric, see [32, 53, 68]. The multi-variate α-
stable motion Lα(t) can be generated in analogous way like
Lα(t), see [31, 69, 70]. The only difference is in the approx-
imation scheme which relies on generation of multi-variate
α-stable random variables that can be generated by general
methods described in [32, 71, 72].
The 2D case significantly differs from 1D, because bi-
variate α stable noises are determined by the spectral measure
Λ(·). Various choices of spectral measures result in differ-
ent escape scenarios and different (fractional) diffusion equa-
tions [13, 73, 74]. Here, we focus on the uniform contin-
uous spectral measures resulting in spherical α-stable mo-
tions (spherical Le´vy flights) and uniform discrete spectral
measures concentrated on intersections of the unit circle (or
hyper-sphere) with axes leading to the so called Cartesian
Le´vy flights [13, 32, 75, 76]. The uniform continuous spec-
tral measure Λ(·) corresponds to the situation when α-stable
densities are spherically symmetric, i.e. their isolines are cir-
4cles (d = 2), spheres (d = 3) or hyper-spheres (d > 3). In
such a case the Langevin equation (8) is associated with the
following fractional diffusion equation [61, 62, 73]
∂p(x, t|x0, t)
∂t
= −σα(−∆)α/2p(x, t|x0, t), (10)
where −(−∆)α/2 is the fractional Riesz-Weil derivative
(laplacian) defined via its Fourier transform [73]
F
[
−(−∆)α/2p(x, t|x0, t)
]
= −|k|αF [p(x, t|x0, t)] .
(11)
For the discrete uniform spectral measure located on in-
tersections of the unit sphere with the axes the fractional
Smoluchowski-Fokker-Planck equation takes the form
∂p(x, t|x0, t)
∂t
= σα
[
∂α
∂|x|α +
∂α
∂|y|α
]
p(x, t|x0, t), (12)
see Eq. (3). The associated backward equation (6) transforms
into multi-dimensional domain in the same manner like the
forward equations (10) and (12). Analogously like in 1D,
Eqs. (10) and (12) are associated with the non-local bound-
ary conditions, i.e. whole exterior of the domain of motion is
absorbing. The MFPT can be calculated either from backward
diffusion equation, diffusion equation (see Eqs. (10), (12)
and (4)) or Monte Carlo simulations (Langevin dynamics),
which is the main methodology applied within the current pre-
sentation.
The difference between 2D α-stable motions, e.g. spherical
and Cartesian Le´vy flights, is especially well visible for α =
1. In 2D, α-stable processes lead to Cauchy distributions. For
the uniform continuous spectral measure the (isotropic) radial
Cauchy distribution is recovered
p(x, y) =
1
2pi
σ
(x2 + y2 + σ2)3/2
. (13)
For the discrete uniform spectral measure located on intersec-
tions of the unit sphere with axes the probability is a product
of two 1D Cauchy densities
p(x, y) =
1
pi
σ
x2 + σ2
× 1
pi
σ
y2 + σ2
. (14)
In both cases the scale parameter grows like σ ∝ t. In the
limit of α = 2, spherical and Cartesian Le´vy flights tend to
bi-variate Brownian motion demonstrating that both scenarios
are equivalent for α = 2. Trajectories of spherical and Carte-
sian (Cauchy) Le´vy flights with α = 1 are presented in top
left and top right panels of Fig. 2. Spherical Le´vy flights are
isotropic, while Cartesian Le´vy flights display preference to
horizontal and vertical jumps. Both types of Cauchy densities
are presented in bottom panel of Fig. 2.
This time as a finite domain of motion a disk of radius R
is considered. The absorbing boundary is defined by the disk
edge. If the trajectory crosses the disk edge the particle is re-
moved from the domain of motion and the first passage time
τ = t is recorded. Such an approach guarantees proper imple-
mentation of boundary conditions because the whole exterior
of Ω is absorbing.
The main aim is to check if non-monotonous dependence of
the MFPT on the stability index α can be observed in higher
dimensional systems in analogous way like it was observed in
1D, see Eq. (7) and Fig. 1. In order to verify this hypothe-
sis we use extensive numerical simulations. Main simulations
were performed on a circle with radiusR = 5, number of rep-
etitions N = 105 and the integration time step ∆t = 10−4.
Initially a random walker was located in the center of the disk,
i.e. x(0) = 0. The first passage time τ is estimated as
τ = min{t > 0 : x(0) = 0 and x(t) /∈ Ω}, (15)
where Ω is the domain of motion, e.g. interval, disk, etc. The
mean first passage time T = 〈τ〉 is the average first passage
time τ .
For α = 2, i.e. for the bi-variate Gaussian white noise,
using Eq. (5) it is possible to calculate the mean first passage
time T exactly. Due to the system symmetry, the only relevant
variable is the initial distance from the disk center r. Rewrit-
ing Eq. (5) in polar coordinates one gets
d2T (r)
dr2
+
1
r
dT (r)
dr
= − 1
σ2
, (16)
with the boundary condition T (R) = 0. The solution of
Eq. (16) is
T (r) = 1
4σ2
[
R2 − r2] , (17)
which for r = 0 reduces to R2/4σ2, i.e. the MFPT from the
disk of radius R is two times smaller than the MFPT from the
interval of the half-width R.
For the disk with entire absorbing edge, the mean first pas-
sage time is the time in which random walker, starting at the
center of the disk reaches or passes over the edge of the disk
for the first time. While, in general the behavior of the MFPT
depends on the noise parameters, it is possible to find such a
range of scale parameter σ for which the MFPT becomes a
non-monotonous function of the stability index α. Also, the
position of MFPT maxima shifts with the change in the scale
parameter σ. Fig. 3 demonstrates dependence of the mean
first passage time from the disk on the stability index α for
spherical (left panel) and Cartesian (right panel) Le´vy flights.
Various curves correspond to various values of the scale pa-
rameter σ.
Non-monotonous dependence of the mean first passage
time, as a function of the stability index α, is observed for
quite narrow range of the scale parameter σ, see Fig. 1. Nev-
ertheless, this special range increases with the increase of
the system size. For low σ, the MFPT monotonically in-
creases with the stability index α. For intermediate σ, non-
monotonous dependence of the MFPT is observed. With the
further increase of the scale parameter σ the MFPT monoton-
ically decreases as a function of the stability index α. The
behavior of the MFPT is a consequence of the interplay be-
tween the stability index α and the scale parameter σ. The
stability index α not only controls the tail asymptotics of α-
stable densities but also affects its width, as measured by the
5inter quantile distance. For Cartesian Le´vy flights the non-
monotonous dependence of the mean first passage time is ob-
served for slightly different values of scale parameters than for
spherical Le´vy flights, compare left and right panels of Fig. 3.
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FIG. 3. The mean first passage time for the escape from the (2D)
disk as a function of the stability index α for spherical (left panel)
and Cartesian (right panel) Le´vy flights. The whole disk edge is
absorbing. A particle starts its diffusive motion in the disk center.
The disk radius is R = 5. Various curves correspond to various
values of the scale parameter σ. Solid lines in the left panel present
exact values of the MFPT given by Eq. (28). Solid lines in the right
panel present the MFPT given by Eq. (29). Error bars are smaller
than the symbol size.
From formulas (7), (17) and dimensional analysis one can
predict that the mean first passage time scales with the scale
parameter as
T ∝ 1
σα
.
Such a scaling is very well confirmed by computer simulations
(results not shown) and the general formulas (28) and (29), see
below. Finally, in the all cases the first passage time density
has exponential tails, what is the general property of contin-
uous time and space Markov escape process from finite do-
mains even for processes with discontinuous trajectories, i.e.
x(t) with α < 2.
The non-monotonous dependence of the mean first passage
time, can be also observed for spherical Le´vy flights scheme in
which step lengths are drawn from symmetric α-stable density
and jump directions are uniformly distributed [13, 53, 75] (re-
sults not shown). Due to the generalized central limit theorem
such spherical Le´vy flights converge to the isotropic bi-variate
α-stable motions.
C. Escape in d-dimensions
For α = 2, in d-dimensions, the MFPT can be calculated by
use of Eq. (5), which in the polar coordinates takes the form
T ′′(r) + d− 1
r
T ′(r) = − 1
σ2
(18)
and has the solution
T (r) = 1
2σ2d
[
R2 − r2] , (19)
which for r = 0 reduces to R2/2dσ2, i.e. the MFPT is equal
to 〈τ〉d=1/d. The solution (19) perfectly agrees with results
of numerical simulations, see Fig. 4, where not only results
of numerical simulations for α = 2 are presented but also
theoretical values given by Eqs. (19), (28) and (29), see below.
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FIG. 4. The mean first passage times 〈τ〉 for the escape from
the d-dimensional hyper-sphere (top row) and ratio of MFPTs
for d-dimensional hyper-sphere and 1D sphere (interval), i.e.
〈τ〉/〈τ〉d=1 × dα/2 (left bottom panel) for spherical Le´vy flights
(left column) and 〈τ〉/〈τ〉d=1 × d (right bottom panel) for Cartesian
Le´vy flights (right column). Hyper-sphere radius R = 5. Various
curves correspond to various values of the stability index α. Lines
in the left top panel show theoretical values of the MFPT given by
Eqs. (19), (28) and (29). Error bars in the top panel are smaller than
the symbol size.
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FIG. 5. (Color online) Values of the stability index α leading to
the maximal mean first passage time for spherical Le´vy flights in 1D
(left panel) and 2D (right panel). For Cartesian Le´vy flights region
of non-monotonous dependence on the stability index α is the same
like for 1D spherical Le´vy flights regardless of the dimension d.
Left panel of Fig. 4 shows dependence of the mean first pas-
sage time on the dimension d of the hyper-sphere for spheri-
cally symmetric α-stable motions. Various curves correspond
to various values of the stability index α. From simulations,
see top left panel of Fig. 4, it looks that for the hyper-sphere
T ∝ 1
dα/2
. (20)
This type of scaling can be deducted from the following rea-
soning. First, let us recall some properties of 1D α-stable den-
sities. Le´vy distribution (with α < 2) are characterized by the
6infinite second moment
〈x2〉 =
∫ ∞
−∞
x2lα(x)dx =∞, (21)
where lα is the symmetric 1D α-stable density with the char-
acteristic function given by Eq. (2). Nevertheless, in practical
realizations empirical second moment grows like a power-law,
due to effective cut-off of the distribution support. A nice ex-
planation of this fact comes from Bouchaud and Georges [77]
and is repeated in [78]. Among N performed jumps there is
the largest one, let say lc(N), whose length grows like
lc(N) ∝ N1/α. (22)
Eq. (22) gives effective threshold for the support of distribu-
tion. Using Eq. (22) and an asymptotic form of symmetric α-
stable densities lα(x) ∝ |x|−(1+α), it is possible to estimate
〈x2〉 as
〈x2〉 ≈
∫ lc
x2lα,β(x)dx ≈
(
N1/α
)2−α
= N2/α−1. (23)
After N jumps
〈x2〉N = N〈x2〉 ∝ N2/α ∝ t2/α, (24)
because jumps are performed every ∆t. Consequently, for
Le´vy flights (sample based) standard deviation grows like a
power law with the number of jumps N (time t).
Escape from the interval takes place when characteristic
width of distribution of position x is equal to the interval half-
width R. More precisely when
R2 ≈ 〈x2〉. (25)
In d dimensions instead of 〈x2〉 one needs to calculate 〈x2〉.
Assuming that jumps along axes are independent
〈x2〉 = 〈x21〉+ · · ·+ 〈x2d〉 = d× 〈x2〉 ∝ d× t2/α. (26)
A random walker escapes the hyper-sphere when R2 ≈ d ×
t2/α. Therefore, the escape time scales as
T ∝ R
α
dα/2
. (27)
The above considerations assume that jumps along all axes
are independent, what is not the case of general multi-variate
α-stable densities with α < 2, see [32]. Nevertheless, the
scaling (27) nicely approximates all simulations performed,
see left bottom panel of Fig. 4, which presents the ratio of
MFPTs for d-dimensional hyper-sphere and 1D sphere (inter-
val), i.e. 〈τ〉/〈τ〉d=1 × dα/2. This can be further confirmed
by fits and exact formula (28) which can be approximated by
d−α/2 scaling predicted by Eq. (27).
In the straight forward manner, the scaling given by Eq. (27)
can be determined from the general formula for the first pas-
sage time for a symmetric α-stable process from a d dimen-
sional hyper sphere [55]
T ∝ Γ
[
d
2
]
2ασαΓ
[
1 + α2
]
Γ
[
d+α
2
]Rα. (28)
Eq. (28) corroborates 1D motivation presented in Sec. II A and
for d = 1 it reduces to Eq. (7). Finally, from Eq. (28) one im-
mediately concludes that the mean first passage time scales
as T ∝ σ−α. Such a scaling holds not only for the hyper-
sphere but also for all considered domains of motion (results
not shown) what is the consequence of the dimensional anal-
ysis. Moreover, using Eq. (28) it is possible to estimate the
value of the stability index α resulting in the maximal value
of the MFPT as a function of hyper sphere radius R and scale
parameter σ, see Fig. 5.
Figure 5 shows the value of the stability index α resulting
in the maximal value of the MFPT as a function of the sphere
diameter R and scale parameter σ for d = 1 (left column) and
d = 2 (right column). With the increasing hyper-sphere di-
mension d the region of non-monotonous dependence of the
MFPT on the stability index α decreases in comparison to less
dimensional systems. This demonstrates that in higher dimen-
sions it is less likely to observe non-monotonous dependence
of the MFPT on the stability index α than in lower dimen-
sional systems.
The very different situation takes place for Cartesian Le´vy
flights, i.e. α-stable motions with discrete uniform spectral
measures located on intersections of axes with the unit hyper-
sphere, see right column of Fig. 4. The mean first passage
time scales with the dimension d as
T ∝ 1
d
,
i.e. the scaling, contrary to the spherically symmetric case,
is independent of the stability index α. Cartesian Le´vy flights
escape faster from a hyper sphere of a given radius than spher-
ical Le´vy flights, see Fig. 4, due to their anisotropy which
is manifested by the preference to move along axes. The
heuristic reasoning leading to scaling given by Eq. (27) can-
not be extended for Cartesian Le´vy flights because of their
anisotropy, i.e. probability densities are no longer spherically
symmetric, see bottom panel Fig. 2.
Right bottom panel of Fig. 4 presents ratio of MFPTs for
d dimensional hyper-sphere and 1D sphere (interval), i.e.
〈τ〉/〈τ〉d=1×d, for Cartesian Le´vy flights. The rescaled mean
first passage time suggests that for Cartesian Le´vy flights the
mean first passage time is
T = 〈τ〉d=1 × 1
d
=
Rα
Γ(1 + α)σα
× 1
d
. (29)
Therefore, for Cartesian Le´vy flights dependence on d like
for α = 2 is observed, see Eq. (19). The hypothesis given
by Eq. (29) is consistent with the general properties of mul-
tivariate α-stable densities. In the limit of α = 2 both
(isotropic) spherical and Cartesian Le´vy flights are equivalent.
Both of them represent 2D white Gaussian process with in-
dependent increments resulting in the same formula for the
MFPT, i.e. T = R2/2dσ2. The difference between Carte-
sian and spherical Le´vy flights reveals for α < 2. Incre-
ments along axes of Cartesian Le´vy flights stay independent
while for isotropic multivariate α-stable motions (spherical
Le´vy flights) become dependent. The independence of com-
ponents of Cartesian Le´vy flights is responsible for the scaling
7of the MFPT recorded in the right panel of Fig. 4. Contrary
to the Cartesian Le´vy flights, for spherical Le´vy flights dif-
ferent scaling on the hyper-sphere dimension d originates as
a consequence of dependence among increments along axes,
which can be measured by covariation [32], codifference [32]
or correlation cascade [79]. Consequently, the decrease of the
stability index α plays slightly different role for Cartesian and
spherical Le´vy flights. In both cases it changes the proba-
bility density, but only for spherical Le´vy flights it controls
dependence among components of displacements which is re-
sponsible for scaling of the MFPT on d, compare Eq. (28) and
Eq. (29). Finally, from Eq. (29) one can conclude that the
region of non-monotonous dependence of the MFPT on the
stability index α does not depend on the dimension d and is
always as the one presented in the left panel of Fig. 5.
III. SUMMARY AND CONCLUSIONS
White α-stable noise provides a natural generalization of
white Gaussian noise including the latter as a special limiting
case of α = 2. Symmetric one dimensional α-stable noises
are characterized by two parameters. Consequently, systems
driven by α-stable noise can display richer behavior than their
Gaussian white noise driven counterparts. One of such exam-
ples is an escape problem from the finite interval restricted by
two absorbing boundaries. If the escape is driven by Gaussian
white noise, the mean first passage time depends on the inter-
val width, initial position and the noise intensity. In general
the MFPT decreases with the increase of the noise intensity
because large noise intensity enhances probability of longer
jumps.
The very different situation takes place when the escape
process is driven by α-stable noise. If the noise is symmet-
ric, the mean first passage time is not only characterized by
the scale parameter σ but also by the stability index α, which
controls the tails’ asymptotics. As in the white Gaussian noise
driven escape, the MFPT decreases with the increase of scale
parameter. However, for appropriate choice of parameters, the
MFPT can be non-monotonous function of the stability index
α due to interplay between noise parameters.
Within the current manuscript noise driven escape from
bounded domains has been studied in order to verify if the
non-monotonous dependence of the mean first passage time
on the stability index is observed in higher-dimensions for
various types of multivariate α-stable motions. As a basic
setup the escape from the disk has been considered. Exten-
sive numerical simulations have corroborated the possibility
of non-monotonous dependence of the MFPT on the stabil-
ity index α when the whole disk edge is absorbing both for
spherical and Cartesian Le´vy flights. Spherical and Carte-
sian Le´vy flights result in very different scaling of the MFPT
with the increasing hyper-sphere dimension d. For spherical
Le´vy flights, with the increase of the hyper-sphere dimension
d the region with non-monotonous dependence of the mean
first passage time on the stability index α decreases. At the
same time, for Cartesian Le´vy flights, this region does not de-
pend on the dimension d.
In general the problem of multi-variate noise induced es-
cape provides a challenging task due to properties of multi-
variate α-stable noises. In 1D parameters characterizing α-
stable noises have clear and intuitive interpretation. In the
multi-variate case main characteristics of α-stable noises are
determined by properties of the spectral measure. Various
spectral measures result in various escape scenarios. Here, we
have focused on uniform continuous spectral measures lead-
ing to spherically symmetric jumps’ length distributions and
discrete uniform spectral measures resulting in the so called
Cartesian Le´vy flights in order to elaborate the difference be-
tween various escape scenarios.
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